OCRY

RECOGNISING ACHIEVEMENT

ADVANCED GCE 4727/01
MATHEMATICS

Further Pure Mathematics 3
FRIDAY 6 JUNE 2008 Afternoon

Time: 1 hour 30 minutes

Additional materials: Answer Booklet (8 pages)
List of Formulae (MF1)

INSTRUCTIONS TO CANDIDATES

¢ Write your name, centre number and candidate number in the spaces provided on the answer
booklet.

* Read each question carefully and make sure you know what you have to do before starting
your answer.

¢ Answer all the questions.

¢ Give non-exact numerical answers correct to 3 significant figures unless a different degree of
accuracy is specified in the question or is clearly appropriate.

*  You are permitted to use a graphical calculator in this paper.

INFORMATION FOR CANDIDATES

*  The number of marks is given in brackets [ ] at the end of each question or part question.
*  The total number of marks for this paper is 72.
*  You are reminded of the need for clear presentation in your answers.

This document consists of 4 printed pages.

© OCR 2008 [H/102/2700] OCR is an exempt Charity [Turn over




E N

2

(a) A cyclic multiplicative group G has order 12. The identity element of G is e and another element
is r, with order 12.

(i) Write down, in terms of e and r, the elements of the subgroup of G which is of order 4. [2]

(ii) Explain briefly why there is no proper subgroup of G in which two of the elements are e
and r. [1]

(b) A group H has order mnp, where m, n and p are prime. State the possible orders of proper
subgroups of H. (2]

Find the acute angle between the line with equation r = 2i + 3k + #(i + 4j — k) and the plane with
equation r = 2i + 3k + A (i + 3j + 2Kk) + u(i + 2j — k). [7]

(i) Use the substitution z = x + y to show that the differential equation

d xX+y+3
2T (A)
dx x+y-1
) i dz 2(z+1)
b tt the fi — =" 3
may be written in eormdx p— [3]
(ii) Hence find the general solution of the differential equation (A). [4]
(i) By expressing cos 6 in terms of e and ™%, show that
cos’ 0 = 11—6(cos50+500s 360 + 10cos 0). [5]
(ii) Hence solve the equation cos 50 + 5cos30 +9cos 0 =0for0 < 6 < 7. [4]

Two lines have equations

x—k y+1 z-1 x—-k y+4 z
= = and - = =

2 -5 -3 1 —4 -2’

where k is a constant.

(i) Show that, for all values of &, the lines intersect, and find their point of intersection in terms of k.

[6]

(ii) For the case k = 1, find the equation of the plane in which the lines lie, giving your answer in the
form ax + by + cz = d. [4]

The operation o on real numbers is defined by a o b = a|b|.

(i) Show that o is not commutative. [2]
(ii) Prove that o is associative. [4]
(iii) Determine whether the set of real numbers, under the operation o, forms a group. (4]
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The roots of the equation 2> — 1 = 0 are denoted by 1, w and w?.
(i) Sketch an Argand diagram to show these roots. [1]
(ii) Show that 1 + ® + @ = 0. [2]

(iii) Hence evaluate

@ (2+0)2+0), 2]
1 1
b + —. 2
(b) 2+ 2+ w? [2]
. . . N . . 1 1
(iv) Hence find a cubic equation, with integer coefficients, which has roots 2, and . 4]
2+ 2+ w?
(i) Find the complementary function of the differential equation

d2

a)zi +y = cosec Xx. [2]

(i) Itis given that y = p(Insinx) sinx + gx cos x, where p and g are constants, is a particular integral
of this differential equation.

(a) Show thatp —2(p + g) sin’x = 1. (6]
(b) Deduce the values of p and gq. [2]

(iii) Write down the general solution of the differential equation. State the set of values of x, in the
interval O < x < 2x, for which the solution is valid, justifying your answer. [3]
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1)) e r3, r6, » M1 For stating e, P (any m ..2), and 2 other different
elements in terms of e and r
e M2 Forall elements correct
(i)  rgenerates G Bl For this or any statement equivalent to:
all elements of G are included in a group with e and
e OR order of 7 > order of all possible proper subgroups _
(b) m, n, p, mn, np, pm Bl For any 3 orders correct
B1 For all 6 correct and no extras (Ignore 1 and mnp)
2 METHOD 1
_ For attempt to find normal vector, e.g. by finding
1,3, 211, 2, 1] Ml vector product of correct vectors, or Cartesian equation
n=k[-7,3,-1] OR 7x-3y+z=c(=17) Al For correct vector OR LHS of equation
M1V For using correct vectors for line and plane
0 =sin”! |[l’ 4,-1].[-7,3, _1]| f.t. from normal
\/12 142 412 \/ 72432 412 M1* For using scalar product of line and plane vectors
M1 For calculating both moduli in denominator
0 = sin~! 6 —10.6° AlY For scalar product. f.t. from their numerator
V1859 (*dep)
(10.609..°,0.18517...) Al For correct angle
METHOD 2
B For attempt to find normal vector, e.g. by finding
(1.3, 2101, 2, 1] Ml vector product of correct vectors, or Cartesian equation
n=4k[-7,3,-1] OR 7x-3y+z=c Al For correct vector OR LHS of equation
Tx=3y+z=17 M1y For attempting to find RHS of equation
f.t. from n or LHS of equation
J | 21-12+2 _17| 6 Ml For using distance formula from a point on the line,
= = e.g.
2 2 2
77437 +1 V59 AlY (3, 4, 2), to the plane
For correct distance. f.t. from equation
6
M1 For using trigonomet
.1 <59 . g trig ry
6 =sin T2 2 o 10.6 Al For correct angle
1 +4° +1
(10.609...°,0.18517...)
3 3 dz e dy M1 Fsc:; glgt;eir;ntllgténg substitution
dx plied)
dz_,_z+3  dz_ 2242 2(z+D) Al For correct equation in z AEF
dx z—1 dx z-1 z—1 Al For correct simplification to AG
(i) Z_ldz=2 dx Bl For -1 dz) and | (1) (dx) seen or implied
p
z+1 z+1
2 2 M1 For rearrangement of LHS into integrable form
3.[1_ 41 dz OR J.l_;d” =2x(+c) OR substitutione.g. u=z+1 or u=z—1
=
z=2In(z+1) OR z+1-2In(z+1) Al For correct integration of LHS as f(z)
=2x(+c)
= 2In(x+y+l)=x—y+c Al For correct general solution AEF
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i0 —-i0
4 () C0559=($J BI
2
SG_L(ie_i_—ieS Mi
COosS =33 (& € )

cos’ Gzé(eﬁe +e0 +5(¢:3ie Jrc:_3ie)+10(eie +e_ie))
c0556=l6(cos56+500s39+10c036) 11:[11
(ii) cos@=16cos’ O Bl
= cos0=0, cosezi% Ml
Al

1z 1. 2
:>9—27c, 3T 5T Al

[o]

4

_For answer obtained correctly AG

i0 T —i0

For cos@ = seen or implied

z may be used for et throughout

. 15
For expanding (ele + e_le) . At least 3 terms and

2 binomial coefficients required OR reasonable attempt
at expansion in stages

For correct binomial expansion

For grouping terms and using multiple angles

For stating correct equation of degree 5.
OR 1=16cos*® AEF

For obtaining at least one of the values of cos8 from
cos0 = kcos® @ OR from 1=kcos* 0

Al for any two correct values of 6
Al for the 3rd value and nomore in 0,, 0,, &

Ignore values outside 0,, 6,, ©
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5 (i)

(i)

METHOD 1
Lines meet where
(x =) k+2\ = k+u M1 For using parametric form to find where lines meet
(y =) —=1-5A = -4—4u Al For at least 2 correct equations
(z =) 1-3A = -2u
Ml For attempting to solve any 2 equations
= A=-1, pu=-2 Al For correct values of A and
Bl For attempting a check in 3rd equation
OR verifying point of intersection is on both lines
= (k-2,4,4) Al 6 For correct point of intersection (allow vector)
SR For finding A OR 1 and point of intersection, but no
check, award up to M1 A1 M1 A0 BO Al
METHOD 2
J |[0, 3,1].[2, -5, -3]%[1,-4, - 2]| For using a.b x ¢ with appropriate vectors (division
- |b x c| by |b X c| is not essential)
d=c[0,3,1].[-2,1,-3]=0 B1 and showing d = 0 correctly
= lines intersect
Lines meet where
(x =) (k+)2\ = (k+)pu M1 For using parametric form to find where lines meet
(y =) —1-50 = —4—4u Al For at least 2 correct equations
(z=) 1-30 = -2u
M1 For attempting to solve any 2 equations
= A=-1, u=-=2 Al For correct value of A OR 1
= (k—-2,4,4) Al For correct point of intersection (allow vector)
METHOD 3
2+ _y+4 M1 For solvi ir of simul i
eg x—k= = or solving one pair of simultaneous equations
= y=4 Al For correct value of x, y or z
z-1 =Y +1 M1 For solving for the third variable
-3 -5
x=k-2 OR z=4 Al For correct values of 2 of x, y and z
¥ —k == checks with x = k— 2, z=4 B1 For attempting a check in 3rd equation
-2
= (k-2,4,4) Al For correct point of intersection (allow vector)
n=[2,-5-3]x[1,-4,-2] M1 For finding vector product of 2 directions
n=c[-2,1,-3] Al For correct normal
SR Following Method 2 for (i),
award M1 A1V for n, f.t. from their n
(1,-1,DOR(1,-4,0) OR (-1,4, 4) Ml For substituting a point in LHS
= 2x-y+32=6 Al 4  For correct equation of plane AEF cartesian
METHOD 2
r=[1,-1,1]+A[2,-5,=-3]+u[l,—4,-2] Ml For using vector equation of plane (OR [1, —4, 0] for
a)
x = 1+42A+p
y = —1-5A—4u Al For writing 3 linear equations
z = 1-3A-2u
Ml For eliminating A and [
=2x—y+3z=6 Al For correct equation of plane AEF cartesian
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6 ()  When a, b have opposite signs, MI For considering sign of a[b| OR b|d|
in general or in a specific case
a|b|=iab, b|a|=$ba = a|b|¢b|a| Al 2  For showing that a|b|¢b|a|
Note that |x| =+x? may be used
a7 Ml Forusing 3 distinct elements and simplifying
(aob)oc=(alb|)oc=alb||c| OR a|b| (aob)oc OR as(boc)
Al For obtaining correct answer
ao(boc)=ao (b|c|) = a|b|c|| = a|b||c| OR albc| M1 For simplifying the other bracketed expression
ettt mmne e eeet e mne e e eeeen e e eeenntil 4. For obtaining the sameanswer
(iii) B1* For stating e =21 OR no identity
EITHER ace=alel=a = e=%I Ml For attempting algebraic justification of +1 and —1 for
e
OR eoa=e|a|=a . . . .
Al For deducing no (unique) identity
= e=1fora>0, e=—1fora<0
Not a group B1 For stating not a group
(*dep)
4
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7 @) e Polar or cartesian values of @ and ®° may be used

anywhere in this question

| Bl 1 For showing 3 points in approximately correct
o’e positions
e Allow @ and @ interchanged, or unlabelled
(i) EITHER 1+o+o° M1 For result shown by any correct method AG
= sum of roots of cubic = 0 Al 2

OR & =1= (0)—1)(0)2 +0+1)=0

Sl+ot+o’ =0 (foro#1)

OR sum of G.P.
3
1+o+0° = s [=Lj=0
- I-o
OR shown on Argand diagram Reference to vectors in part (i) diagram may be made
or explained in terms of
vectors
OR
2 A 1,3 1B
1+01s§n+01s§n =1 +(_3+71)+(_5_71) =0
(iii) (@) (Q2+w)(2+ a)z) =4+2(0+ o’ )+ o’ M1 For using 1+ w+ ®° =0 OR values of o, o’
=4-2+1=3 Al 2 For correct answer
(b) 1 I 2+(o+ o’ )+2 1 Ml For combining fractions OR multiplying top and
24 m + 24 w2 - 3 - bottom of 2 fractions by complex conjugates
e AN 2 Forcorrect answer £t from (@)
(V) For the cubic x> + px® +gx+r=0
METHOD 1
dYoa=2+1=3 (= p=-3) M1 For calculating two of » o, D af, afy
2 2 1 7 For calculating all of » o, » ofy, o
Youp=———t == (=q) Ml gall of 2,0 2.0, aby
2+ 2+ 3 3 ORallof p, g, r
apy= 2 (: . _gj Al For at least two of Y o, D af, afy correct
3 3 (or values of p, ¢, r)
= 30 —9x?+7x-2=0 Al 4  For correct equation CAO
METHOD 2
2+ 24+
S SRR S
T Tt o oy o2 X Ml For multiplying out LHS in terms of @ or cis%kn
1 2 2
+ Tt + > |x
(2+w )(2+0) ) 240 2+
2
( 4 m )( 24 0)2) Ml For simplifying, using parts (ii), (iii) or values of ®
= -3 +%x—% =0 Al For at least two of p, g, r correct
= 30 -9x?+7x-2=0 Al For correct equation CAO
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8 (i) m?+1=0 = m=+i M1 For stating and attempting to solve correct auxiliary
equation
= CF. A1 2 Forcorrect C.F. (must be in trig form)
(y =) Cel™ + D™ = 4cosx+ Bsin x SR If some or all of the working is omitted,
e @ward full credit for correctanswer
(ii)(a) y = p(Insinx)sin x +gxcosx M1 For attempting to differentiate P.I.
(product rule needed at least once)
% =p COSX Ginx+ p(Insinx)cosx+gcosx—gxsinx Al For correct (unsimplified) result AEF
sin x
d2 2
y . . . pcos” x T
—5 =—psinx—p(Insinx)sinx+——— Al For correct (unsimplified) result AEF
dx sin x
—2gsinx—gxcosx
. P cos? x . Ml _ . d%y .
—psinx+————2¢gsinx = — For substituting their —= and y into D.E.
sin x sinx dx2
M1 For using sin® x+cos® x =1
= p-2(p+q)sin®x=1 Al 6  For simplifying to AG (= may be =)
(b) M1 For attempting to find p and ¢ by
equating coefficients of constant and sin? x
AND/OR giving value(s) to x
(allow any value for x, including 0)
p=1, g=-1 Al 2  For both values correct
(i) G'§'A + Bsinx-t (lsin ) i — BIY For correct G.S.
¥ =Acosx+Bsinx+(Insinx)sin x —xcos x f.t. from their C.F. and P.I. with 2 arbitrary constants in
C.F. (allow given form of P.I. if p and ¢ have not been
found)
cosecx undefined at x =0, 7, 21 Ml For considering domain of cosec x OR sinx # 0
OR sinx >0 in Insin x OR Insinx term
= 0<x<T Al 3  For stating correct range CAO

SR Award B1 for correct answer with justification
omitted or incorrect
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